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Abstract: In this paper, we consider the classification of irreducible Z- and Z 2 -graded 
modules with finite dimensional homogeneous subspaces over the Virasoro-like algebra. We first 
prove that such a module is a uniformly bounded module or a generalized highest weight module. 
Then we determine all generalized highest weight irreducible modules. As a consequence, we 
also determine all the modules with nonzero center. Finally, we prove that there does not exist 
any nontrivial Z-graded modules of intermediate series. 
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§1 Introduction 

The Virasoro algebra is playing an increasingly important role in both mathematics and 
physics. A book on conformal field theory by Di Francesco, Mathieu and Senechal [1] gives a 
great detail on the connection between the Virasoro algebra and physics. It is well-known that 
the Virasoro algebra acts on any highest weight module (except when the level is negative of dual 
coxeter number) of the affine Lie algebra through the use of famous Sugawara operators. Since 
1992 when Mathieu [2] gave a classification of Harish-Chandra modules of the Virasoro algebra, 
it is natural for mathematicians to generalize the theory of this Lie algebra. From an algebra 
point of view, the Virasoro algebra can be regarded as the universal central extension of the 
Lie algebra of derivations (denoted by DeiA) on the ring of Laurent polynomials A = C[t,t -1 ]. 
The Virasoro algebra has nontrivial positive-energy unitary representations only if the center is 
nonzero and this is one of the reasons why this algebra is more interesting than the algebra Der A 
So a natural generalization is the Lie algebra Der^ of derivations on the Laurent polynomials 
ring A = C[t^ 1 , • • • ,t^ 1 ] in commuting variables. Y)eiA u is also known as Lie algebra of the 
group of diffeomorphisms of z/-dimensional torus. Several attempts have been made by physicists 
to give a Fock space representation of Der^ and its extension (see, e.g., [3]). Attempts failed to 
produce interesting results probably due to the lack of proper definition of "normal ordering" . 
The first surprising result is that Y)eiA v with v > 2 is centrally closed ([4]). So people were 
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forced to search other algebras (similarly to DerA u ) which admit nontrivial central extensions. 
There are two kinds of algebras being found. One is the so-called higher rank Virasoro algebras 
introduced in [5]. See also the papers [6-8]. Recently, Su [9] and Lu, Zhao [10] have completed 
the classification of Harish-Chandra modules over the higher rank Virasoro algebras. But the 
results of classification turn out to be disappointed as the Harish-Chandra modules are simply 
induced by modules of intermediate series, and thus the center of higher rank Virasoro algebras 
must act as zero on these modules. 

The other is the Virasoro-like algebra introduced in [11]. It is the universal central extension 
of the skew derivation Lie algebra over the Laurent polynomials ring in two commuting variables. 
It can be generated by three elements and it contains many standard Heisenberg Lie subalgebras. 
Some relations between the Virasoro-like algebra L and the generalized Clifford algebras were 
given in [12]. The algebra L has many properties similar to the Virasoro and Heisenberg algebras. 
Many papers are devoted to the study of this algebra. The derivation Lie algebra of the centerless 
Virasoro-like algebra L and the automorphism group of this derivation Lie algebra were studied 
in [13], while the structure of automorphism group of L was considered in [14]. A large class of 
uniformly bounded Z 2 -graded module over L was constructed in [15], and a necessary condition 
for a nonzero level Z 2 -graded irreducible module over L to be a module with finite dimensional 
homogeneous subspaces was given in [16]. The paper [17] presented a large class of generalized 
highest weight Z 2 -graded irreducible modules over L, the paper [18] constructed a class of graded 
irreducible highest weight modules over L and classified the Z-graded irreducible L-modules with 
nonzero center and finite dimensional homogeneous subspaces, while the paper [19] determined 
the structure of the Verma modules over L. In the present paper, we deal with the classification 
of irreducible graded L-modules with finite dimensional homogeneous subspaces by using the 
results on the irreducible modules of Heisenberg algebra obtained in [20], and the results about 
the Z-graded L-modules and the Z 2 -graded L-modules given in [18] and [16]. 

The paper is arranged as follows. In section 2 we recall the concepts of the Virasoro-like 
algebra and its graded modules. We also collect some results about the irreducible modules of 
Heisenberg algebra which is crucial in the study of the classification of the graded irreducible 
L-modules. In section 3 we first prove that a Z-graded L-module must be either a uniformly 
bounded, or a generalized highest weight module. Then we complete the classification of the 
irreducible generalized highest weight Z-graded modules with finite dimensional homogeneous 
subspaces. In section 4 we first construct a class of irreducible generalized highest weight Z 2 - 
graded modules with finite dimensional homogeneous subspaces by using the results obtained in 
the previous section. Then we prove that an irreducible generalized highest weight Z 2 -graded 
L-modules must be isomorphic to the modules constructed in the beginning of this section. 
Finally, it is proved in Section 5 that there does not exist any nontrivial Z-graded L-module of 
intermediate series. 



§2 The Virasoro-like algebra and its graded modules 

Throughout this paper we use C, Z, Z + , N to denote the sets of complex numbers, integers, 
nonnegative integers, positive integers respectively. All spaces are over C. Let ei = (1,0), e2 = 
(0, 1) be the standard basis of C 2 and let T = Zei © Ze2, an additive group isomorphic to Z 2 . 
As usual, if m, ■ ■ ■ ,Uk are elements on some vector space, we use {u±, ■ ■ ■ ,Uk) to denote their 
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linear span over C. Let A2 = C[t l ,t 2 ] be the Laurent polynomial algebra with two variables. 
For r = nei + r2^2 £ T, we denote 

f = t[% 2 G A 2 . 

We use -gj- to denote the partial derivative with respect to ti for i — 1, 2, and denote 

dl=U lk' i = 1 ' 2 ' ^ ^( r ) = tr ( r 2 d i-nd 2 )=r 2 t; i+1 ^J--r 1 ^^ +1 J-. 

It is clear that the derivation algebra of A2 is Der^2 = {t r di \ r G T, i = 1, 2). One sees that the 
subspace 

L= (D(r) I r G T) 

forms a Lie subalgebra of Der^, called the skw derivation Lie algebra, and also called the 
centerless Virasoro-like algebra in [11]. For any m = m\e\ + rri2e2, n = niei + 71262 £ T, let 
det(m, n) = m\n2 — m2n\. One can easily see that 

[D(m),D(n)] = -det(m, n)D(m + n), 

and that L is a simple Lie algebra. The universal center extension of L is the Lie algebra 
L = L © (01,02), called the Virasoro-like algebra (with center), with the following Lie bracket: 

\D(m), D(n)) = -det(m, n)L>(m + n) + (5 m+n>0 /i(m), 

c\,C2 are central, (2.1) 

for m, n £ r, where 

/i(m) = m\C\ + VT12C2- 
From the definition, one can directly deduces the following result. 
Lemma 2.1 7/bi = &nei + 61262, b2 = &2iei + ^2262 G T then 

(1) L can be generated by {D(h\), D(b2), D(— bi — b2)} tf/ien {bi,b2} is a Z-basis ofT. 

(2) = (D{kh2), h(h2) \ k G Z) is a standard Heisenberg subalgebra of L. 

(3) If m = m-ibi + m2b2, n = nibi + ri2b2, i/ien 

[L)(m), -D(n)] = -det(bi, b 2 )det(miei + m 2 e 2 , niei + n 2 e 2 )Z)(m + n) + (5 m+ni0 /i(m). 

Fix a Z-basis bi, b2 of T. One can regard L as a Z 2 -graded Lie algebra by defining the degree 
of the elements in (D(miei +771-262)} to be {mi,m2) and the degree of the elements in (c\, C2) to 
be (0, 0). One can also regard L as a Z-graded Lie algebra by defining the j G Z degree subspace 
of L to be 

Lj = (£>(jbi + mb 2 ) | m G Z) © <5 ji0 (ci, c 2 ). (2.2) 
Next we recall the definitions of graded L-modules. If an L-module V = ffi m <=z 2 ^m satisfies 

D(m) • V n C V m+n , V m, n G T, (2.3) 

then V is called a Z 2 -graded L-module and is called a homogeneous subspace ofV with degree 
m G Z 2 . If L-module F = (B m ezV m satisfies 

L m ■ V n C y m+n , Vm, n G Z, (2.4) 
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then V is called a Z-graded L-module, and V m is called a homogeneous subspace ofV with degree 
m G Z. 

A Z 2 - or Z-graded module V is called a quasi-finite graded module if all homogeneous sub- 
spaces are finite dimensional; a uniformly bounded module if there exists a number n G N such 
that all dimensions of the homogeneous subspaces are < n; a module of the intermediate series if 
n = 1. Denote the sets of irreducible quasi-finite Z 2 - and Z-graded L-modules by 0%2 and Oz re- 
spectively. If a Z-graded L-module V is generated by a vector O^jjG^ with Lj -i; = 0, Vj G N, 
then V is called a highest weight module. Similarly, we have the notion of a lowest weight module. 
Furthermore, if there is a Z-basis B = {b^b^} of T, that is, Zb' : + Zb' 2 = T, and a nonzero 
vector v G V n (or w G V n ) such that D(m)i; = 0, V m G Z + b[ + Z + b 2 (recall from definition 
that D(m) = if m = (0,0)), then v is called a generalized highest weight vector corresponding 
to the Z-basis B, and V is called a generalized highest weight module with generalized highest 
weight vector being of degree n (or n) corresponding to B. 

From the definition, one can easily see that the generalized highest weight modules contain 
the highest weight modules and the lowest weight modules as their special cases. Since the 
centers c\, C2 of L must act as scalars on any irreducible graded module, we shall use the same 
symbols to denote these scalars. 

Now we recall the construction and some basic properties of a class of modules over the 
Heisenberg Lie algebra J4? . Let ip be any linear function on J4? such that i/j(h(b 2 )) = 0. We 
define the associative algebra homomorphism ip : U(Jt?) — > C[i ±:L ] such that 

^(D(kb 2 )) = iP(D(kb 2 ))t k , Y^(b 2 )) = 0, VfcGZ* :=Z\{0}, 

where U (Jt?) is the universal enveloping algebra of J4f. Denote the image of tp in C[t ±:L ] by A-^. 
Using tp, we can define a Jtf- module structure on the space A^t 1 for a given i G Z as follows 

D(kb 2 )t m = lp(D(kb 2 ))t m , h(b 2 )t m = 0, V k G Z*, t m G A$t\ 

From the definition, we see A-^ ■ t % ~ A-^ ■ P , V i,j G Z as J^-modules. Now, by Lemma 3.6 
and Proposition 3.8 in [20], we have the following results. 

Theorem 2.2 (1) A^t 1 is an irreducible 3^ '-module if and only if A^t 1 = Ct l (denote this 
module by A),j,o) or there exists s G Z* such that A^t 1 = C[t ±s ]t l (denote this module by g ). 

(2) IfV is an irreducible Z-graded Jt? -module with zero center, then there is a linear function 
tp over J$? and i G Z such that V ~ A^ i s or V ~ A),i,o- 

(3) If V is a uniformly bounded Z-graded M '-module, then the center h{b-i) acts as zero on 

V. 

The following lemma will be used in the next two sections. 

Lemma 2.3 An L-module V is a generalized highest weight modules if there is a Z-basis 
b'^b'g o/T and a homogeneous vector v ^ such that D(b' 1 )v = D(b' 2 )v = 0. 

Proof: By (2.1) and the assumption, we can prove D(Nb' 1 + Nb^u = 0. Thus for the 
Z-basis mi = 3b[ + b' 2 , m 2 = 2b' x + b' 2 of T we have D(Z + m.\ + Z + m 2 )v = 0. Hence V is a 
generalized highest weight module by definition. □ 
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§3 The Z-graded modules over the Virasoro-like algebra L 

Lemma 3.1 An L-module V is a generalized highest weight module or a uniformly bounded 
module if it is a Z-graded module. 

Proof: Let V = ® m ezV m - If V is not a generalized highest weight module, then for any 
m € Z, by considering the following maps 

L>(-mbi + b 2 ) : V rn - V , £>((1 - m)bi + b 2 ) : V m -> Vi, 

we have 

kerL»(-mbi + b 2 ) n kerD((l - m)bi + b 2 ) = 0, 
by Lemma 2.3. Therefore dimVm < dimVb + dimVi. So V is a uniformly bounded module. □ 

Lemma 3.2 IfV is an irreducible nontrivial generalized highest weight Z-graded L-module 
corresponding to the Z-basis B = {b'^b^} then 

(1) For any v G V there is some pGN smc/i that D(mib' 1 + m 2 b 2 )w = /or a// mi, m 2 > p. 

(2) For any 0/u£ V and mi, m 2 > 0, we have D{— mib^ — m 2 b 2 )t> ^ 0. 

Proof: We may assume that vq is a generalized highest weight vector corresponding to a 
Z-basis B = {bi,b' 2 }. 

(1) By the irreducibility of V and the PBW Theorem, there exists u G U(L) such that 
D = u ■ vo , where u is a linear combination of elements of the form 

u n = Dfabi + iib 2 ) • • • D(i n bi + j n b' 2 ). 

Thus without loss of generality, we may assume u = u n . Take 

pi = - E ^ + 1, P2 = - E is + !■ 

i s <0 j s <0 

By induction on n one gets that Z)(ib^ + jb' 2 ) ■ v = for i > pi and j > p 2 , which gives the 
result with p = max{pi,p 2 }. 

(2) If there are ^ v G V and mi, m 2 > with £)(— mib^ — m 2 b 2 )w = 0, let p be as in the 
proof of (1), then we see 

D(-mibi - m 2 b 2 ), D(h[ +p{m l h' 1 + m 2 b' 2 )), L>(b' 2 +p(mibi + m 2 b' 2 )), 

act trivially on f. By (2.1), the above elements generate the Lie algebra L. So V is a trivial 
module, a contradiction with the assumption. □ 

Lemma 3.3 An L-module V £ Oz is a highest weight module or a lowest weight module 
if it is a generalized highest weight module corresponding to a Z-basis B = {b[, b 2 }. 

Proof: For convenience, we suppose V is a generalized highest weight module with gener- 
alized highest weight vector being of degree 0, corresponding to the Z-basis b' x = 6'^bi + o' 12 b 2 , 
b' 2 = 6' 21 bi + 6' 22 b 2 . Let a = b' n + b' 21 and denote 

p(V) = {meZ\V m ^0}. 

If necessary, by replacing b' l5 b' 2 by h'( = 3b[ + b 2 , b 2 = 2h[ + b 2 , we can suppose a^0. 
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First we prove that if a > then V is a highest weight module. Let 

Ai = {jeZ\i + aje p{V)}, V < i < a, 

then there is mi G Z such that Ai = {j ' G Z | j < m;} or _4j = Z by Lemma 3.2(2). 

Set b = b'i + b' 2 . Now we prove Ai ^ Z for all < i < a. Otherwise, we may assume 
Aq = Z. Thus we can choose / Vj G V a j for any j G Z. By Lemma 3.2(1), we know that there 
is p v . > with 

L>(sib; + s 2 b' 2 ) • = 0, V ai, a 2 > p Vj - (3.1) 
Choose {fcj G N | j G N} and v kj G such that 

k j+ i > kj + p Vk . + 2. (3.2) 

We prove that {D(—kjh) ■ Vk- \ j G N} C Vb is a set of linearly independent vectors, from this 
we will get a contradiction which gives the result as required. Indeed, for any r G N, there exists 
a r G N such that D(xh + h[)vk r = 0, Vx > a r by Lemma 3.2(1). On the other hand, we have 
D(xh + h[) ■ Vk r 7^ for any x < — 1 by Lemma 3.2(2). Thus we can choose s r > —2 such that 

D{s r h + b[)-v kr ^0, D(xh + b' 1 )-v kr = 0,Vx> s r . (3.3) 

By (3.2) we have k r + s r — kj > p Vk . for all 1 < j < r. Hence by (3.1) we know that for all 

1 < j < r, 

D((k r + s r )b + bi) • D(-kjb)v k . = [D((k r + s r )b + bi), D(-kjb)]v k . 

= kjdet(b[, b' 2 )D((k r + s r - kj)b + b[) ■ v kj = 0. 

Now by (3.2) and (3.3), one gets 

D((k r + s r )b + bi) • D(-k r b)v kr = [D((k r + s r )b + b[),D(-k r b)}v kr 

= fe r det(b' 1 ,b / 2 )D(s r b + bi) • v kr + 0. 

Hence if Ylj=i ^jD(-kjb) ■ v kj = then A r = A r _i = • • • = Ai = by the arbitrariness of r. So 
we see {D(—kjb)-v kj \ j G N} C Vq is a set of linearly independent vectors which contradicts the 
fact that V G Oz- Therefore, for any < % < a, there is mj G Z such that Ai = {j G Z | j < rrii} 
which implies that V is a highest weight module since p(V) = \Ji=$ Ai. 

Similarly, one can prove that if a < then V is a lowest weight module. □ 
In order to complete the classification of the highest and lowest weight Z-graded L-module, 
we first give a triangular decomposition of L and construct a class of highest (lowest) weight 
Z-graded irreducible modules which are similar to that described in [18]. Let 

L + = @Lj, L_ = (J) Lj, 

j>0 j<0 

where Lj = (D(jb\ + mb2) \ m G Z) © <5j-,o(ci, C2), then L has the following triangular decom- 
position 

l = l + e l e l_. 
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For any linear function ip over Lq with ip(h(h2)) = 0, we define a one dimensional (Lq + L + )- 
module Cvq as follows 

LjV = 0, xvq = ip(x)vo, V j > 0, x G L . 
Then we get an induced L-module 

V + (iP) = lnd L LQ+L+ Cv = U(L) ® u{Lo+L+) Cv , 

where U(L) is the universal enveloping algebra of L. Set the degree of t>o to be then V + (ip) 
becomes a Z-graded module. It is obvious that V + (ip) ~ U{L-) as vector spaces and V + (ip) 
has an unique maximal proper submodule J. Then we obtain an irreducible Z-graded highest 
weight L-module 

V + (iP) = V + (^)/J. 

Similarly, we can define an irreducible lowest weight Z-graded L-module V~(ip) for any linear 
function ip over Lq with ip(h(b2)) = 0. 

For convenience, we introduce the following definition, which is similar to a definition in [17]. 

Definition 3.4 If ip is a nonzero linear function over Lq with ip(h(h2)) = and there exist 
b w ,b n , ■ ■ ■ ,b lsi , ■ ■ ■ ,b r0 , ■ ■ ■ ,b rSr G C, cci, • ■ ■ , a r G C \ {0} such that 

» (bio + hik + ■ • • + fti ai fc ai K + ■ • • + (bro + fcnfc + • • • + b rar k 3r )a* 

2)) — j£ , V K G Zi , 

^(/»(bi)) = -(M(bi,b 2 )(&i + 6 20 + • • • + 6ro), 
i/ien ip is called an exp-polynomial function over Lq . 

Remark 3.5 Set fa = ip(kD(k\>2)), fo = — det(hi,h2)ip(h(hi)). Then by a well-known 
combinatorial formula we see that ip ^ is an exp-polynomial function over Lq if and only if 
there are do, ■ ■ ■ , a n G C, with aoa n ^ such that 

n 

a ^+i = 0, VKMb 2 )) = 0, V k G Z. 

i=0 

By using a technique in [18], we prove the following theorem. 

Theorem 3.6 The nontrivial Z-graded L-module V + (ip) is in Oz (or V~(ip) is in Oz) if 
and only if ip is an exp-polynomial function over Lq . 

Proof: For convenience, we introduce a linear map * : Cftf 1 ,^ 1 ] -> L by defining 
^(t™ 1 ^ 2 ) = D(m\hi + 777-21112), Vmi,7772 G Z. By Remark 3.5, it is sufficient for us to prove 
the following claim. 

Claim 1. V + (ip) G Oz if and only if there exists a nonzero polynomial P(t 2 ) = Y17=o e 
C[i2] with aQa n / such that 

iP(*(d 2 (t k 2 P(t 2 ))) - o_ fc det(bi,b 2 )/i(bi)) = 0, V/c G Z, 

where = if k £ {0, 1, • • ■ , n}. 
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"=>" Since dim VI i < oo and l t l 2 ) ■ £ V-\ for all i G Z, there exists a k € Z and a 
nonzero polynomial P(i 2 ) = Z)£=o a ^2 e C[i 2 ] with aoa„ / such that 

M/(tr i ^p(t 2 ))-« = o. 

Applying ty(tit 2 ) for any s € Z to the above equality, we get 

n 

= *(t 1 ^)-^(t- 1 ^P(t 2 ))-t; = [Z)(b 1 + S b 2 ),^a i Z)(-b 1 + (A; + i)b 2 )]-t; 

i=0 

= ^— ^ ajdet(bi, b 2 )(s + i + k)D((s + i + fc)b 2 ) + a_ s _ fc /i(bi)^ • v 

= (*(-det(bi, b 2 )d 2 (t*+ fe P(i 2 ))) + a_ a _ fc /i(bi)) • wo, 

which deduces the result as we hope. 

"^=" Since L_ is generated by L_i, and L+ is generated by Li, one sees that 

L_i • = V-i-x, \fi£Z + , 

and w = if L\ ■ v = 0. 

Next, we will show the following claim by induction on I. 

Claim 2. For any I € Z + , there exists a nonzero polynomial Pi{t 2 ) = J2ieZ a f^2 e C[t 2 ] 
such that 

(*(d 2 (^(*2))) - a W fc det(bx, b 2 )/ l (b 1 )) • V- t = 0, (3.4) 

^(t^P^-V-t = 0, VfceZ. (3.5) 
By the assumption, (3.4) holds for I = with Po(i 2 ) = Pih)- On the other hand, we have 

^(titl)-*^ 1 ^^))-^ = (^(-det(b 1 ,b 2 )d 2 (^ +fc P(t 2 ))) + a_ s _^(b 1 ))-F = 0, Vs,fc e Z, 

which deduces that (3.5) also holds for I = with Po(t 2 ) = P{t 2 ). Thus the claim holds for 
s = 0. 

Suppose the claim holds for Z. From (3.4) and (3.5), we have that 

{V(d 2 {Q(t 2 ))) - oodet(bi,b 2 )/i(bi)) • = 0, (3.6) 

* (tr 1 ^)) • = 0, (3.7) 

for any Q{t 2 ) € C[t ±:L ] with Pz(i 2 )|Q(i 2 ), where oq is the constant in Q(t 2 ). 

Now let us consider the claim for Z + 1. Let p +i (t 2 ) = p(i 2 ) 3 = Y^iez a f +1 ^2- Then 
P/(i 2 )|d 2 (t 2 P/+i(t2)) and P/(t 2 )|d 2 • d 2 (^P m (i 2 )) for any fc € Z. By using (3.6) and (3.7), for 
any s, k £ Z, we have that 

(*(d 2 (^P m (i 2 ))) - af^detCbi.baWbi)) • (V^H?,) ■ V-i) 

= [*(d 2 (t k 2 P l+1 (t 2 ))), *(t^4)] ■ V-t = -det(bi,b 2 )tt {t^t s 2 {d 2 ■ d 2 ■ (t k 2 P l+1 {t 2 )))) ■ V-t = 0. 
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Thus (3.4) holds for l+l. From the above equality and (3.7), we deduce that, for any m,k,s G Z, 

= [*(ti^),*(*r i ^ + i(t 2 ))].(*(tr 1 ^)^-i) + *(tr 1 <2^+i(t2)). {nhtnmt^w-v-i)) 

= (*(-det(b 1 ,b 2 )d 2 (^ +fc P i+1 (t 2 )))+a^ 1 2^(b 1 )) = o. 

So we have (3.4) also holds for I + 1. This completes the proof of Claim 2. 
From Claim 2, we deduce that 

dimK_,_i < degP, +1 (t 2 ) • dimV-t, VZ G Z+. 

Thus F + (V') G Oz- This completes the proof of our theorem. □ 

Theorem 3.7 // a Z-graded L-module V is in Oz then one and only one of the following 
cases holds. 

(1) V is a uniformly bounded module. 

(2) There exists an exp-polynomial function ip over L such that V ~ V + (ip). 

(3) There exists an exp-polynomial function ip over Lq such that V ~ V~(ip). 

Proof: If V is not a uniformly bounded module then by Lemmas 3.1 and 3.3 we obtain 
that V is a highest weight module or a lowest weight module. By the property of a Verma 
module we know that there is a nonzero linear function tp over Lq such that V ~ V r+ (V') or 
V ~ y _ (^). Now by Theorem 3.6, case (2) or case (3) must hold. 

Now we prove that only one of the above three cases holds. It is obvious that only one 
of case (2) and case (3) holds. If case (2) holds then there is k G Z* with ■0(D(A;b 2 )) ^ 
which implies that D(kh2)vo ^ 0. Similar to the proof of part (2) in Lemma 3.2, one can easily 
deduce that D(—h\)vk ^ for any nonzero homogeneous vector Vk G 14 of V. (In fact, if 
D(-bi)v k = then D{{-k + l)bi + b 2 ), D((-k + l)bi -b 2 ) and D(-bi) act trivially on v k by 
the construction of V + (ip). Thus V is a trivial module by the irreducibility of V since from (2.1) 
one can easily check that the Lie algebra L is generated by the above three elements. Hence we 
reach a contradiction.) Meanwhile 

B = {Di-hxY D((-n + j)bi + kh 2 )v | < j < n} C V + (i/>)- n , Vn G N. 

Next we prove that B is a set of linear independent vectors in V + (ip)- n . Indeed, if 

n-l 

E A J D(-bi)^ J D((-n + j)bi + kb 2 )v Q = 0, 
then for any < i < n — lwe have 

n— 1 

= D((n - i)bi) E AjD(-biyD((-n + j)bi + A:b 2 )t;o 

j=0 

= - E A^(n-i)det(b 1 ,b 2 ) J D(-b i y J D((j-i)b 1 + fcb 2 )t> , 

j=0 

which implies Ao = • • • = A ra _i = 0. Hence B is a set of linear independent vectors in V + (ip)- n 
and thus 

dim(y + (V>)-n) > n. 
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Therefore V + (ip) is not a uniformly bounded module by the arbitrariness of n. So only one of 
case (2) and (1) holds. 

Similarly we can prove that only one of case (1) and case (3) holds. □ 

Remark 3.8 In Section 5, we will prove that there does not exists a nontrivial Z-graded 
L-module of the intermediate series. We conjecture that there does not exist any nontrivial 
uniformly bounded Z-graded irreducible L-module. 

From Theorem 3.7, we can recover Theorem 3.2 in [18] below. 

Corollary 3.9 If a center of L acts as a nonzero scalar on the Z-graded module V , then 

V £ Oz if and only if there is an exp-polynomial function ip over Lq such that V ~ V + (ip) or 

V ~ V-ty). 

Proof: Set V = (BnezVn- We have h(i>2) = by considering Vo as a finite dimensional 
Lo-module. Thus h(bi) ^ since a center of L acts as a nonzero scalar on V and {bi,b2} is a 
Z-basis of T. Therefore, by Theorem 2.2(3), the module V is not a uniformly bounded module 
since the Lie subalgebra (D(mbi), h(bi) \ m <G Z) of L is isomorphic to J%? and its center h(hi) 
acts as a nonzero scalar on V. Thus we obtain the result as we wish by Theorem 3.7. □ 



§4 The Z 2 -graded modules over the Virasoro-like algebra L 

We first construct a class of irreducible generalized highest weight Z 2 -graded L-modules by 
using the Z-graded L-module V + (ip). For any linear function ib over Lq with ip(h(h2)) = 0, we 
set V(ip) = V + {ib) ® C[£ ±:L ], and define the actions of the elements of L on V(ip) as follows 

£>(ibi + jb 2 )(v ® t k ) = (D(ibi + jh 2 )v) (8) t k+j , (4.1) 

where v £ V + (ip), i,j,k G Z. For any homogeneous element v with degree m in Z-graded 
module V + (tp), define the degree of v (8> t k to be mbi + kb2- Then one can easily see that V(ijj) 
becomes a Z 2 -graded L-module. Denote U(J4?) ■ (vo'Sit 1 ) by Wi, then Wj ~ ^h.p as ^-modules. 
If Wi is an irreducible -module then W\ ~ A^ )i s or Wi ~ ^4o,j,o by Theorem 2.2. Thus by the 
construction of L-module V(ip) we know that there exists a unique maximal proper submodule 
either W^ is or Wo,j,o which intersects trivially with Wj. Then we have the irreducible Z 2 -graded 
L-module either 

V(^,i,s) = V^)/W^ s , or V(0,i,0) = V(il>)/W 0tifi . (4.2) 

One can easily check that there exists s G N such that 

is an exp-polynomial function over Lq. 

Hence by Theorem 2.2 we know Wi is an irreducible Jf-module in this instance. Now by 
Theorem 3.6 and the construction of V(ip, i, s) we obtain the following result. 

Lemma 4.1 If ib is an exp-polynomial function over Lq then 

(1) V(ip, i, s) € Oz 2 / (2) V{ip) ~V(ip,i,s) if and only if s = 1. 
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Remark 4.2 V(ip) is not an irreducible L-module in general. For example, we can define 
a linear function ip over Lq such that 

Y>(L>(fcb 2 )) = ( ~ 1) fc fc + 1 , VfeGZ*, V(Mbi)) = -2det(b 1 ,b 2 ), ^(fc(b 2 )) = 0. 

Then one can easily see V is an exp-polynomial function over Lq. On the other hand, by the 
PBW Theorem and the construction of L-module V(ip), we can deduce 

W = v ® C[t ±2 ], (l/(L).(«o ® t)) f]W = 0. 

Thus [/ (L) • (vq (g> i) is a nonzero proper submodule of V(V0 which implies that V(ip) is not 
irreducible. 

Lemma 4.3 A 7?-graded L-module is a generalized highest weight module or a uniformly 
bounded module. 

Proof: Suppose V = © mg z 2 ^m- If V is not a generalized highest weight module, then for 
any (mi, m 2 ) G Z 2 , by considering the linear maps 

D(-miei + e 2 ) : v (mi,m2) ~^ v (o,m 2 +i)^ 
D((l-mi)ei+e 2 ) : V( ) — >■ ^(l.ma+l)! 

we obtain by Lemma 2.3 

kerD(— miei + e 2 ) fl kerZ)((l — mi)ei + e 2 ) = 0. 

Thus 

dimV (mi;m2) < dimV" (0;m2+1) + A\mV {l , m2+l) . 
Now consider the following linear maps 

L»(-ei - m 2 e 2 ) : V"( , m2+ i) -> V(-i,i), 

D(-ei + (1 - m 2 )e 2 ) : V (0 , m2+ i) -» V(-i,2)- 

By Lemma 2.3 we have 

kerZ)(— ei — m 2 e 2 ) n kerD(— ei + (1 — m 2 )e 2 ) = 0. 

Thus dimV (0 , m2+ i) < dimV ( _ 1A) + dimV ( _i )2) . 
Similarly we can deduce 

dimV(i ima+ i) < dimV" (0;1) + dimV" (0 , 2 ). 

Therefore V is a uniformly bounded module. □ 
Now we recall the following proposition from [16]. 

Theorem 4.4 ([16] Proposition 3.9) If V is a generalized highest weight Z 2 -graded L- 
module and V € Z 2, then there exists a Z-basis B = {bi,b 2 } of T and a linear function ip 
over Lq = (mb 2 ) | m E Z) © (ci,c 2 ) with ^>(/t(b 2 )) = such that V is isomorphic to V(ip,i,s) 
or F(0, i, 0), where i G Z, s G N . 
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Lemma 4.5 (1) If Tp(h(hi)) = then V(0,i,0) is a trivial module. 
(2) // Y>(Mbi)) + then F(0, i, 0) G_0 Z 2 . 

Proof: (1) By the construction of V(0, i,0), one can easily deduce the result. 
(2) By definition we have 

Y>(r>(mb 2 )) = i>(h(b 2 )) = 0, V m G Z, 

and 

B n = {D(-bi + mb 2 )£>(-bi - mb 2 ) • {v ® f ) | 1 < m < n} C F_ 2 b 1+ ib 2 , V n G N. 

Since 

D(bi + mb 2 )D(-bi - mb 2 ) • (v <8> ?) = /i(bi + mb 2 ) • (u <g) f ) / 0, Vm G Z, 

we have 

£>(-bi -mb 2 ) • / 0. 

Now we prove that ,B n is a set of linear independent elements in V-2bi+ib 2 - If there are 
Ai, ■ ■ ■ , A n G C such that 

£ AjD(-bi + jb 2 ) J D(-bi - jb 2 ) • (uo ® t*) = 0, 

j'=i 

then for any 1 < k < n we have 

n 

= £>(bi - fcb 2 ) Y, A^(-bi + jb 2 )D(-bi - jb 2 ) • (v ® i*) 

j'=i 

= A fc ^(h(bi))D(-bi - A;b 2 ) • («o ® **) + E A,(j - fc) 2 (det(b 1 ,b 2 )) 2 J D(-bi - kh 2 ) ■ (v ® f ) 

i=i 

n 

= A fc ^(/i(bi))£)(-bi - kb 2 ) ■ {v ® t*) + £ A,(j - fc) 2 Z)(-b 1 - fcb 2 ) • («q ® t*). 

i=i 

On the other hand, for any k > n, we have 

= £>(bi - kh 2 ) £ Aj-D(-bi + jb 2 )D(-bi - jb 2 ) • (v ® 
i=i 

= £ Aj-0' - A;) 2 £>(-bi - kb 2 ) ■ {v ® f). 

Thus 

A fc ^(Mbi))+ E^(j-fc) 2 = 0, VKKn; (4.3) 
i=i 

EA i (j-fe) 2 = 0, Vfc>n. (4.4) 

Hence (4.4) implies that the polynomial £j=iAj(.7 — a?) 2 = has infinite many roots, and 
therefore £™ =1 Aj(j — x) 2 is a zero polynomial. This, together with (4.3), gives A^ = 0, VI < k < 
n. Hence B n is a set of linear independent vectors in V_2bi+ib 2 which implies dimF_ 2 b 1 +ibi > 
n, Vra G N. Thus F(0, i, 0) g C Z 2. " □ 
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Theorem 4.6 If V is a nontrivial generalized highest weight Z 2 '-graded L-module, then 
V G Oip. if and only if there exists a Z-basis B = {bi, b 2 } ofT and an exp-polynomial function ip 
over Lq = (mb 2 ) | m G Z)©(ci, c 2 ) suc/i i/iai V is isomorphism to V(ip, i, s), where i G Z, s G N. 

Proof: The sufficiency follows directly from part (1) of Lemma 4.1. Now we prove the 
necessity. By Theorem 4.4 and Lemma 4.5 we know there exist a Z-basis B = {b>i, b 2 } of T and 
a linear function ip over Lq with V>(M D 2)) = such that V is isomorphism to V(ip,i,s), where 
i G Z,s G N. 

If s = 1 then by Lemma 4.1(2) we have V(ip, i, s) ~ V(ip). Thus by the construction of V(^) 
we see that the dimensions of the homogeneous subspaces V(ip, i, s) m b 1 +nb 2 01 V(ip,i,s) equal 
to those of the corresponding homogeneous subspaces V + (ip) m of V + (ip). Then the result for 
the case s = 1 follows directly from Theorem 3.6. 

If s 7^ 1 then £| =1 ^(Ys s ) 1S a quasi-finite Z 2 -graded module. Moreover, since 

v j = D(-b 1 +jb 2 )-(v ®t-*)€ (E%m)) , Vj£Z, 

there exist an integer A; G Z, and numbers ao, • • • , a n G C with aoa n 7^ such that £J = o a j v k+j = 
0. For convenience, we set a« = for % < and i > n. Then for any s G Z we have 

n 

= D(bi - sb 2 ) £ ajVk+j 
3=0 

n 

= £ " (A + i))det(bi,b 2 )^(D((A; +j- s)b 2 ))(«o ® *~ s ) + a 8 _ fc V(&( b i))(«0 <8> 
Thus 

£ a^((fc + j)D((k + j)b 2 )) - a_ fc det(bi, b 2 )V>(k(bi)) = 0, V At G Z. 

Denote 

A = ^(^(fcba)), V0^GZ,/ = -det(bi,b 2 )^(/i(bi)), 

then 

>:)' „",/'/.•■. = 0, V A; G Z. 
Therefore by Remark 3.5 we see ip is an exp-polynomial function over Lq. □ 

By similar arguments as in the proof of Theorem 3.7 and Corollary 3.9, one can prove the 
following two results by applying Lemma 4.3 and Theorems 4.6 and 2.2. 

Theorem 4.7 // Z 2 -graded L-module V G Z 2, then one and only one of the following 
cases holds. 

(1) V is a uniformly bounded module. 

(2) There exist a Z-basis B = {bi,b 2 } ofT and an exp-polynomial function ip over Lq = 
(mb 2 ) I m G Z) © (ci,c 2 ) such that V is isomorphism to V(tp,i,s), where i G Z, s G N. 

Corollary 4.8 If V is a Z 2 '-graded L-module with nonzero centers, then V G O^i if and 
only if there exist a Z-basis B = {bi,b 2 } of T and an exp-polynomial function ip over Lq = 
(mb 2 ) I m G Z) © (ci,c 2 ) suc/t that V is isomorphism to V(ip,i,s), where i G Z, s G N. 

We would like to conclude this section by recalling some results from [15] which show that 
there are many uniformly bounded irreducible Z 2 -graded L-modules. A question one may ask 
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is: whether or not the modules constructed in the following exhaust all the uniformly bounded 
irreducible Z 2 -graded L-modules. 

Let x + ,x_,h be the Chevalley basis of the simple Lie algebra sl 2 , that is 

[h, x + ] = 2x + , [h,X-] = — 2x_, [x+,a;_] = h. 

For any irreducible s/ 2 -module V and 01,02 G C, let V(A) = V <g> Cftf 1 ,^ 1 ], we define the 
action of L on V(A) as follows 

D(m iei + m 2 b 2 ) • (v ® t^t 1 ?) = (m 2 ( ai + m) - mi(a 2 + n 2 ))v ® t n ^ +m H n 2 * +m * 

+((m 2 2 x„ - m\x+m x m 2 K) • v) ® i* ,1+mi t!» 2+roa , 

Cl .{v ® i™ 1 ^ 2 ) = C2.(« <8> t? 1 ^) = 0, Vt; G V. 

Then one can easily see that V(A) becomes a Z 2 -graded L-module. And all the dimensions of 
the homogeneous subspaces of V{A) are dim V. The following result was obtained in [15]. 
Theorem 4.9 ([15]) (1) If &\mV > 3 then V(A) is an irreducible L-module. 

(2) If dimV = 2 then V(A) has a unique proper submodule when (01,0:2) Z 2 ; otherwise, 
V{A) has two proper submodule. 

(3) If dimV = 1 then V(A) is an irreducible L-module when (01,0:2) Z 2 , otherwise, V(A) 
can be decomposed into the direct sum of two irreducible L-module. 



§5 Z-graded modules of the intermediate series over the 

Virasoro-like algebra 

The main result in this section is the following. 

Theorem 5.1. There does not exist any nontrivial Z-graded irreducible L-module of the 
intermediate series. 

Proof: If V is a nontrivial Z-graded irreducible module of the intermediate series, then 
ci = c 2 = and the action of D(b\) is nondegenerate. In fact, if it is degenerate then there 
exists a vector / Vi 6 Vi such that D(bi) ■ v i = 0. Hence we have 

= £>(bi) • D(b 2 ) ■ Vi = -det(bi,b 2 )D(bi + b 2 ) • Vi , 

by the definition of a Z-graded L-module of the intermediate series, which implies that V is 
a generalize highest weight module. Thus V is not a uniformly bounded Z-graded module by 
Theorem 3.7 which is absurd. 

Similarly, one can prove that the action of D(—b\) is nondegenerate. Therefore dimV^ = 1 
for all i G Z. Thus we can choose a basis {v « G Vi \ i <G Z} of V such that D(b\) ■ Vi = avi + i 
and D{— b\) ■ Vi = awj_i for all ieZ, where o/O. Denote D((lb\ + kb 2 ) ■ Vi = f(l,k,i)vi +i . 
We can deduce af(l,0,i ± 1) = af(l,0,i) since D(Zbi)D(=tbi) • Vi = D(±bi)D{lb\) ■ Vi. Hence 
f(l,0,i) are independent of % for all / 7^ 0. Set e = det(bi,b 2 ) then e G {±1} since bi,b 2 is a 
Z-basis of V. 

For any I, i, k G Z with k 7^ 0, we have 

ekf(l,k,i)vi + i = ekD(lb\ + kb 2 )vi 

= D((l - l)bi + fcb 2 )D(biM - £>(bi)D((i - l)bi + fcb 2 )«i 
= - 1, k, i + 1) - /(/ - 1, fe, 
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thus 

ef(l,k,i) = - 1, k,i + 1) - f(l - l,k,i)). (5.1) 

Similarly, we have 

ekD((l - l)bi + fcb 2 )vi = £>(-bi)D(Zbi + kb 2 )vi - D(/bi + fcb 2 )Z?(-b 1 )^, 
which implies 

e/(Z - 1, k,i) = ^(/(Z, k, i) - /(/, k,i-l)). (5.2) 
Substituting (5.2) into (5.1), we have 

a 2 f{l, k, i + 1) - (2a 2 + A; 2 )/(/, fc, i) + a 2 /(Z, jfe, i - 1) = 0. (5.3) 

Set Xk = 2a +k + ^2a$ k +k ~ - We can choose /c G N such that ^ x^ 1 and |x^| > 1 since 
limfc^ +00 Xfe = oo. Therefore, the equation a 2 T 2 — (2a 2 + k 2 )T + a 2 = has different roots x^ 
and x^ 1 , so we have 

f(l,k,i) =a{l,k)xi + b(l,k)x-\ Vi G Z, (5.4) 
for some a(l,k),b(l,k) G C by (5.3). Since 

eklDilh^Vi = £>(Zbi + fcb 2 )£>(-&b 2 )^ - D(-fcb 2 ).D(ibi + fcb 2 )ui, 

we obtain 

efcZ/(i, 0, i) = /(/, k, i)(/(0, — fc, i) - /(0, — fc, Z + i)). 
Thus, by (5.4) and the fact x^ = x^^, we have 

eklf(l, 0, i) = a(l, fc)o(0, -fc)(l - 4)a£ + 6(Z, fc)6(0, -fc)(l - a^')^ 2 * 
+a(Z, fc)6(0, -fc)(l - x~ l ) + 6(Z, fc)o(0, -k)(l - x[). 

Since |xfe| > 1, we see that if a(l, k)a(0, —k) / then 

. lim (a(l, k)a(0, -k)(l - x l k )xf + b(l, k)b(0, -k)(l - x~ l )x~ 2i 
+a(l, k)b(0, -k)(l - x~ l ) + b(l, k)a(0, -k){l - x[)) = oo, 

which contradicts (5.5) and the fact that f(l, 0, i) is independent of i. Hence a(l, k)a(0, —k) = 0. 
Similarly, we can deduce b(l, k)b(0, —k) = 0. If a(0, —k) = 6(0, —k) = or a(Z, k) = b(l, k) = 
then eklf(l, 0, i) = by (5.5) which is a contradiction. Hence without loss of generality, we may 
assume that 

a(0, —A;) = b(l, k) = 0. (5.6) 

Thus, by (5.5) and (5.4), we have 

f(l,0,i) = a{hkm ~^ {1 ~ Xkl \ m-k,i)=b(0,-k)x-\ f(l,k,i)=a(l,k)xl (5.7) 
Now we can substitute (5.7) into (5.1) to get 

-^2^ = ae- 1 k- 1 {x k -\). 



(5.5) 
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Thus a(l,k) = a(0,k)(ae l k 1 (x k — I)) 1 . From this equation and (5.7), we can deduce that 

f(l,k,i) =a{0,k)(ae- 1 k- 1 (x k -l)) l x i k , VleZ, (5.8) 

and 

/(f,0,i) = — , VZ^O. (5.9) 

Since elkD(lh\ + kh2)vi = D{k\>2)D(lh\)vi — D(lhi)D(k\)2)vi, we have 

elkf{l,k,i) = a(0,fc)4(4 - l)/(Z,0,i), 

by (5.8). Thus 

/(W) = a( o,*)4(4-i) i y 

j (I, U,i) elk 
Now by (5.8), (5.9) and (5.10), we have 

1 = o(0, fc)6(0, -k)r 2 k- 2 (x{ - 1)(1 - Xfc'), V0 + I € Z. 

But lim^ +00 (Z~ 2 (x^, — 1)(1 — x^ 1 )) = oo since > 1, this is a contradiction with the above 
equation. Thus there does not exist a nontrivial Z-graded irreducible L-module of the interme- 
diate series. □ 
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